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Abstract
We calculate in details the sphere-level scattering amplitude of two Ramond-Ramond
(RR) and two Neveu-Schwarz-Neveu-Schwarz (NSNS) vertex operators in type II su-
perstring theories in Ramond-Neveu-Schwarz (RNS) formalism. We then compare the
expansion of this amplitude at order α′3 with the eight-derivative couplings of the
gravity and B-field that have been recently found based on S-dual and T-dual Ward
identities. We find exact agreement. Moreover, using the above S-matrix element, we
have found various couplings involving the dilaton field, and shown that they are also
fully consistent with these Ward identities.
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1 Introduction
Many aspects of superstring theory can be captured by studying its low energy supergravity
effective action. The stringy effects, however, appear in higher-derivative and genus correc-
tions to the supergravity. These corrections may be extracted from the most fundamental
observables in the superstring theory which are the S-matrix elements [1, 2]. These objects
have various hidden structure such as the Kawai-Lewellen-Tye (KLT) relations [3] which
connect sphere-level S-matrix elements of closed strings to disk-level S-matrix elements of
open string states. There are similar relations between disk-level S-matrix elements of open
and closed stringds and disk-level S-matrix elements of only open string states [4, 5, 6]. On
the other hand, the S-matrix elements should expose the dualities of superstring theory [7, 8]
through the corresponding Ward identities [9]. These identities can be used as generating
function for the S-matrix elements, i.e., they establish connections between different ele-
ments of the scattering amplitude of n supergravitons. Calculating one element explicitly,
then all other elements of the S-matrix may be found by the Ward identities [10]-[12].
Alternatively, the effective actions may be calculated directly by implementing the string
dualities. The consistency of the effective action of type IIB superstring theory with S-
dualiy has been used in [13]-[30] to find genus and instanton correctons to the four Riemann
curvature corrections to the type IIB supergravity. The consistency of non-abelian D-brane
action with T-duality has been used in [31] to find various commutators of the transverse
scalar fields in the D-brane effective action. They have been verified by the corresponding
S-matrix elements in [32]. Using the consistency of the effective actions with the string
dualities, some of the eight-derivative corrections to the supergravity and four-derivative
corrections to the D-brane/O-plane world-volume effective action have been found in [33]-
[39]. The complete list of the couplings at these orders which are fully consistent with the
string dualities, however, are still lacking.
The effective actions of type II superstring theories at the leading order of α′ are given
by the type II supergravities which are invariant under the string dualities. The first higher-
derivative correction to these actions is at eight-derivative order. The Riemann curvature
corrections to the supergravities, t8t8R
4, have been found in [1] from the α′-expansion of the
sphere-level S-matrix element of four graviton vertex operators. These couplings have been
extended in [2] to include all other couplings of four NSNS states by extending the Riemann
curvature to the generalized Riemann curvature, i.e.,
R¯ab
cd = Rab
cd − κ√
2
η[a
[cφ;b]
d] + 2e−φ0/2Hab
[c;d] (1)
where R¯ is the generalized Riemann curvature. The resulting couplings are fully consistent
with the corresponding S-matrix elements. The S-matrix elements of four massless states
in the type II superstring theories have only contact terms at order α′3. The S-dual and
T-dual Ward identities of the S-matrix elements then dictate that the NSNS couplings must
be combined with the appropriate RR couplings to be consistent with these Ward identities.
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This guiding principle has been used in [36] to find various on-shell couplings between two
RR and two gravity/B-field states and between four RR states at order α′3.
The dilaton term in (1) is canceled when transforming it to the string frame [37, 38]. As
a result, there is no on-shell dilaton coupling between four NSNS fields in the string frame.
It has been speculated in [38] that there may be no dilaton couplings between all higher
NSNS fields at eight-derivative level. As we will see in this paper, however, the consistency
of the couplings t8t8R¯
4 with the S-dual and T-dual Ward identities produces various non-
zero couplings between the dilaton and the RR fields in the string frame. In this paper, we
are going to examine these couplings as well as the couplings found in [36] with the explicit
calculation of the sphere-level S-matrix element of two RR and two NSNS vertex operators
in the RNS formalism.
The outline of the paper is as follows: We begin with the section 2 which is the detail
calculations of the sphere-level S-matrix element of two RR and two NSNS vertex operators
in the RNS formalism. In section 3, we compare the contact terms of these amplitudes
at order α′3 for the grvity/B-field with the corresponding couplings that have been found
in [36]. In section 4, we study the dilaton couplings. Using the T-dual and S-dual Ward
identities on the S-matrix element of RR five form field strength, we find various couplings
at order α′3 in both the string and Einstein frames. We show that the dilaton couplings in
the Einstein frame are fully consistent with the corresponding S-matrix element at order α′3.
In section 5, we briefly discuss our results.
2 Scattering amplitude
The scattering amplitude of four RR states or two RR and two NSNS states in the pure
spinor formalism have been calculated in [40]. In this section, we are going to calculate
the scattering amplitude of two RR and two NSN states in the RNS formalism [46, 47].
In this formalism, the tree level scattering amplitude of two RR and two NSNS states
is given by the correlation function of their corresponding vertex operators on the sphere
world-sheet. Since the background superghost charge of the sphere is Qφ = 2, one has to
choose the vertex operators in the appropriate pictures to produce the compensating charge
Qφ = −2. One may choose the RR vertex operators in (−1/2,−1/2) picture, one of the
NSNS vertex operators in (−1,−1) and the other one in (0, 0) picture. The final result,
should be independent of the choice of the ghost picture.
Using the above picture for the vertex operators, the scattering amplitude is given by
the following correlation function [46, 47]:
A ∼
∫ 4∏
i=1
d2zi 〈
2∏
j=1
V
(−1/2,−1/2)
RR (zj , z¯j)V
(−1,−1)
NSNS (z3, z¯3)V
(0,0)
NSNS(z4, z¯4)〉 (2)
2
where the vertex operators are1
V
(−1/2,−1/2)
RR (zj , z¯j) = (P−Γj(n))
AB : e−φ(zj)/2SA(zj)e
ikj ·X(zj) : e−φ˜(z¯j)/2S˜B(z¯j)e
ikj ·X˜(z¯j) :
V
(−1,−1)
NSNS (z3, z¯3) = ε3µν : e
−φ(z3)ψµ(z3)e
ik3·X(z3) : e−φ˜(z¯3)ψ˜ν(z¯3)e
ik3·X˜(z¯3) :
V
(0,0)
NSNS(z4, z¯4) = ε4αβ : (∂X
α(z4) + ik4 ·ψψα(z4))eik4·X(z4) :
×(∂X˜β(z¯4) + ik4 ·ψ˜ψ˜β(z¯4))eik4·X˜(z¯4) : (3)
where the indices A,B, · · · are the Dirac spinor indices and P− = 12(1 − γ11) is the chiral
projection operator which makes the calculation of the gamma matrices to be with the full
32 × 32 Dirac matrices of the ten dimensions. The RR polarization tensors ε(n−1)1 , ε(n−1)2
appear in Γ1(n), Γ2(n) which are defined as
Γi(n) =
an
n!
(Fi)µ1···µn γ
µ1···µn (4)
where the n-form (Fi)µ1···µn =
1
2
(dCi)µ1···µn is the linearized R-R field strength, and the factor
an = −1 in the type IIA theory and an = i in the type IIB theory [4]. The polarization
tensors of the NSNS fields are given by ε3, ε4. The polarization tensor is symmetric and
traceless for graviton, antisymmetric for B-field and for dilaton it is
εµνi =
φi√
8
(ηµν − kµi ℓνi − ℓµi kνi ) (5)
where ℓi is an auxiliary vector which satisfies ki ·ℓi = 1 and φi is the dilaton polarization
which is one. The on-shell relations for the vertex operators are k2i = 0, ki ·εi = 0, and
εi ·ki = 0. The normalization of the amplitude (2) will be fixed after fixing the conformal
symmetry of the integrand.
Substituting the vertex operators (3) into (2), and using the fact that there is no correla-
tion between holomorphic and anti-holomorphic for the world-sheets which have no bound-
ary, one can separate the amplitude to the holomorphic and the anti-holomorphic parts
as
A ∼ (P−Γ1(n))AB(P−Γ2(m))CDε3µνε4αβ
∫ 4∏
i=1
d2ziI
µα
AC ⊗ I˜νβBD (6)
where the holomorphic part is
IµαAC = 〈: e−φ(z1)/2 : e−φ(z2)/2 : e−φ(z3) :〉[〈: SA(z1) : SC(z2) : ψµ(z3) :〉
×〈: eik1·X(z1) : eik2·X(z2) : eik3·X(z3) : ∂Xα(z4)eik4·X(z4) :〉
+〈: SA(z1) : SC(z2) : ψµ(z3) : ik4 ·ψψα(z4) :〉
×〈: eik1·X(z1) : eik2·X(z2) : eik3·X(z3) : eik4·X(z4) :〉] (7)
1Our conventions in the string theory side set α′ = 2.
3
and the anti-holomorphic part I˜νβBD is given by similar expression.
In calculating the correlators (6), one needs the world-sheet propagators for the holomor-
phic and anti-holomorphic fields [46, 47]. Using the standard sphere propagators, one can
easily calculate the correlators of the bosonic fields as
P ≡ 〈: eik1·X(z1) : eik2·X(z2) : eik3·X(z3) : eik4·X(z4) :〉 =
4∏
i<j
z
ki·kj
ij (8)
〈: eik1·X(z1) : eik2·X(z2) : eik3·X(z3) : ∂Xα(z4)eik4·X(z4) :〉 =
3∑
i=1
ikαi z
−1
i4 P
〈: e−φ(z1)/2 : e−φ(z2)/2 : e−φ(z3) :〉 = z−1/412 z−1/213 z−1/223
where zij = zi−zj . Using the conservation of momentum and the on-shell condition k4·ε4 = 0,
one can write
∑3
i=1 ik
α
i z
−1
i4 =
∑2
i=1 ik
α
i z
−1
i4 z
−1
34 z3i. This relation will be useful later on to check
that the integrand is invariant under SL(2, R)× SL(2, R) transformations.
To calculate the correlators involving the fermion and the spin operators, one may use the
Wick-like rule for the correlation function involving an arbitrary number of fermion fields
and two spin operators [41, 42]2. Using this rule, one finds the following results for the
fermion correlators which appear in (7):
〈: SA(z1) : SC(z2) : ψµ(z3) :〉 = 1√
2
(γµC−1)ACz
−3/4
12 z
−1/2
31 z
−1/2
32 (9)
〈: SA(z1) : SC(z2) : ψµ(z3) : ik4 ·ψψα(z4) :〉 = i
2
√
2
k4λz
1/4
12 z
−1/2
31 z
−1/2
32 z
−1
41 z
−1
42
[
(γαλµC−1)AC
+z−112 z
−1
43 (z41z32 + z31z42)[η
µλ(γαC−1)AC − ηµα(γλC−1)AC ]
]
The fractional power of zij will be converted to the integer power when the ghost correlator
in (8) multiplied the above correlators.
Replacing the correlators (9) and (8) into the scattering amplitude (6), and using the
on-shell conditions along with the conservation of momentum, one can easily check that the
integrand of the scattering amplitude is invariant under SL(2, R)×SL(2, R) transformations
which is the conformal symmetry of the z-plane. Fixing this symmetry by setting z1 = 0, z2 ≡
z, z3 = 1 and z4 =∞, one finds the following result:
A = −iκ
2e−2φ0
8
Γ(−s/8)Γ(−t/8)Γ(−u/8)
Γ(1 + s/8)Γ(1 + t/8)Γ(1 + u/8)
K (10)
where Gamma functions are the standard Gamma functions that appear in four closed string
amplitude [1], and the closed string kinematic factor is
K = (P−Γ1(n))AB(P−Γ2(m))CDε3µνε4αβKµαAC ⊗ K˜νβBD (11)
2 See [43, 44, 45], for the correlation function of fermion fields with four spin operators.
4
In the kinematic factor, there is an implicit factor of delta function δ10(k1 + k2 + k3 + k4)
imposing conservation of momentum. The Mandelstam variables s = −8k1·k2, u = −8k1·k3
and t = −8k2 ·k3 satisfy s+ t+ u = 0, and the kinematic factor in the holomorphic part is
KµαAC =
1
8
[
t
(
(kα1 + k
α
2 )(γ
µC−1)AC + k
µ
4 (γ
αC−1)AC − k4ληµα(γλC−1)AC
)
(12)
+s
(
kα1 (γ
µC−1)AC − 1
2
[k4λ(γ
αλµC−1)AC − kµ4 (γαC−1)AC + k4ληµα(γλC−1)AC ]
)]
The kinematic factor in the anti-holomorphic part is similar to the above expression. We
have normalized the amplitude (10) to be consistent with the field theory couplings found
in [36]. The background flat metric in the Mandelstam variables and in the kinematic factor
is in the string frame. That is why we have normalized the amplitude by the dilaton factor
e−2φ0 . On the other hand, the graviton and the dilaton have the standard kinetic term or
standard propagator only in the Einstein frame. The massless poles of the amplitude (10)
then indicates that the external gravitons in the amplitude (10) are in the Einstein frame.
As a double check of the amplitude (10), one should be able to relate this amplitude
to the product of open string amplitudes of two spinors and two gauge bosons using the
KLT prescription [3]. According to the KLT prescription, the sphere-level amplitude of four
closed string states is given by
A = i
29π
sin(πk2 ·k3)Aopen(s/8, t/8)⊗ A˜open(t/8, u/8) (13)
where Aopen(s/8, t/8) is the disk-level scattering amplitude of four open string states in the
s− t channel which has been calculated in [48],
Aopen(s/8, t/8) = −iκe−φ0 Γ(−s/8)Γ(−t/8)
Γ(1 + u/8)
K (14)
where the Mandelstam variables are the same as in the closed string amplitude. The open
string kinematic factor K depends on the momentum and the polarization of the external
states [48]. We have normalized the amplitudes (14) and (13) to be consistent with the
normalization of the amplitude (10).
To find the sphere-level scattering amplitude of two RR and two NSNS states, one has
to consider the open string amplitude of two spinors and two gauge bosons. The kinematic
factor for this case is [48]
K(u1, u2, ζ3, ζ4) = − i√
2
[
1
2
su¯2γ ·ζ3γ ·(k1 + k4)γ ·ζ4u1 (15)
−t
(
u¯2γ ·ζ4u1k4 ·ζ3 − u¯2γ ·ζ3u1k3 ·ζ4 − u¯2γ ·k4u1ζ3 ·ζ4
)]
where u1, u2 are the spinor polarizations and ζ3, ζ4 are the gauge boson polarizations. They
satisfy the following on-shell relations
k2i = 0, ki ·ζi = 0, (γ ·kiC−1)ABuBi = 0 (16)
5
Using these relations, and the identity
u¯C2 (η
λµγαC−1 − ηαµγλC−1 + ηαλγµC−1 + γµγλγαC−1)CAuA1 = (γαλµC−1)ACuA1 uC2
one can write the open string kinematic factor (15) in terms of the holomorphic kinematic
factor (12) as
K(u1, u2, ζ3, ζ4) = −4i
√
2uA1 u
C
2 ζ3µζ4αK
µα
AC (17)
Similarly for the antiholomorphic part, i.e.,
K˜(u˜1, u˜2, ζ˜3, ζ˜4) = −4i
√
2u˜B1 u˜
D
2 ζ˜3ν ζ˜4βK˜
νβ
BD
Using the above relations and Γ(x)Γ(1 − x) = π/ sin(πx), and substituting the following
relations in (13)
ζµi ⊗ ζ˜νi → εµνi , i = 3, 4
uA1 ⊗ u˜B1 → (P−Γ1(n))AB
uC2 ⊗ u˜D2 → (P−Γ2(m))CD (18)
one recovers the amplitude (10), as expected. While the open string kinematic factor (15)
is the final result for the S-matrix element of two gauge bosons and two open string spinors,
the closed string kinematic factor (11) is not yet the final result. The external closed string
states are bosons, hence, the Dirac matrices in the kinematic factor must appear in the trace
operator which should then be evaluated explicitly to find the final kinematic factor of the
closed string amplitude.
The kinematic factor (12) has one term which contains three antisymmetric gamma
matrices and all other terms contain only one gamma matrix. As a result, the closed string
kinematic factor (11) has four different terms, each one has one of the following factors:
T στ1 = (P−Γ1(n))
AB(P−Γ2(m))
CD(γσC−1)AC(γ
τC−1)BD
T σβρν2 = (P−Γ1(n))
AB(P−Γ2(m))
CD(γσC−1)AC(γ
βρνC−1)BD
T ταλµ3 = (P−Γ1(n))
AB(P−Γ2(m))
CD(γαλµC−1)AC(γ
τC−1)BD
T αλµβρν4 = (P−Γ1(n))
AB(P−Γ2(m))
CD(γαλµC−1)AC(γ
βρνC−1)BD (19)
which can be written in terms of the RR field strengths and the trace of the gamma matrices.
Using the above factors, one may then separate the closed string kinematic factor to the
following parts:
K = K1 +K2 +K3 +K4 (20)
where
K1 = 1
256
[
(t− u)2k4αk4βε3λµελµ4 + (t− u)2kλ4
(
kµ4 ε3µλε4αβ
6
−k4β(ε3λµε4αµ + ε3µλε4µα)
)
+ 2tkλ2
(
(t− u)kµ4 (ε3µβε4αλ + ε3βµε4λα)
−(t− u)k4βε3αµε4λµ + (2tkµ2 ε3αβ − (t− u)k4αε3µβ)ε4µλ
)
−2ukλ1
(
(t− u)kµ4 (ε3µβε4αλ + ε3βµε4λα)− (t− u)k4βε3αµε4λµ
−(2ukµ1 ε3αβ + (t− u)k4αε3µβ)ε4µλ + 2tkµ2 ε3αβ(ε4λµ + ε4µλ)
)]
T αβ1
K2 = s
256
[
(u− t)k4αk4λε3βνε4βµ + k4λ
(
(t− u)kβ4 ε3βνε4αµ
+2(tkβ2 − ukβ1 )ε3ανε4βµ
)]
T αλµν2
K3 = s
256
[
(u− t)k4αk4λε3νβε4µβ + k4λ
(
(t− u)kβ4 ε3νβε4µα
+2(tkβ2 − ukβ1 )ε3ναε4µβ
)]
T αλµν3
K4 = s
2
256
[
k4αk4βε3ρµε4νλ
]
T ανρβλµ4 (21)
Note that the tensor T2 (T3) is totally antisymmetric with respect to its last three indices,
hence, the indices of the NSNS momenta and polarization tensors in K2 (K3) which contract
with this tensor, must be antisymmetrized. Similarly the tensor T4 is totally antisymmetric
with respect to its first and its second three indices, so the momenta and the polarization
tensors in K4 should be antisymmetrized accordingly.
One may try to write the polarization tensors and the momenta of the NSNS states in
the form of ε[µ[αk
ν]kβ] which is the generalized Riemann curvature in the momentum space.
Such manipulation has been done in [40] for finding the couplings of two RR and two NSNS
states in the pure spinor formalism. However, we are interested in this paper in the form
of couplings which are manifestly invariant under the linear T-duality and S-duality. This
form of couplings may not be in terms of the generalized Riemann curvature.
To proceed further and write the kinematic factors (21) in terms of the momenta and the
polarization tensors of the external states, one has to find the explicit form of the tensors
T1, · · · , T4 in terms of the metric ηµν and the RR fields strengths F1, F2. Using the properties
of the charge conjugation matrix and the Dirac matrices (see e.g., appendix B. in [4]), one
can write the tensors T1, · · · , T4 as
T στ1 = −
(−1) 12m(m+1)anam
2n!m!
F1µ1···µnF2ν1···νmTr(γ
σγµ1···µnγτγν1···νm)
T σβρν2 = −
(−1) 12m(m+1)anam
2n!m!
F1µ1···µnF2ν1···νmTr(γ
σγµ1···µnγβρνγν1···νm)
T ταλµ3 = −
(−1) 12n(n+1)anam
2n!m!
F1µ1···µnF2ν1···νmTr(γ
τγµ1···µnγαλµγν1···νm)
7
T αλµβρν4 =
(−1) 12m(m+1)anam
2n!m!
F1µ1···µnF2ν1···νmTr(γ
αλµγµ1···µnγβρνγν1···νm) (22)
In the chiral projection operator P− =
1
2
(1 − γ11), 1 corresponds to the RR field strength
Fn and γ11 corresponds to F10−n which is the magnetic dual of Fn at the linear order. One
may ignore γ11 and assume that 1 ≤ n ≤ 9. The corresponding couplings then produce
corrections to the democratic form of the supergravity [49].
The above traces indicate that when the difference between n and m is an odd number,
these tensors are zero. This is what one expects because there is no couplings between the
RR fields in the type IIA theory in which the RR field strengths have even rank, and the
type IIB theory in which the RR field strengths have odd rank. When the difference between
n and m is an even number, the traces are not zero. One can easily verify that the traces
are zero for n = m+8. For n = m+6 case, the traces in T1, T2, T3 are zero and T4 becomes
totally antisymmetric. However, the corresponding kinematic factor K4 has k4αk4β, so the
kinematic factor K is zero in this case too. Therefore, there are three cases to consider, i.e.,
n = m, n = m+ 2 and n = m+ 4.
For the case that n = m+ 4, one can easily find T1 = 0 and T2 = T3. A prescription for
calculating the traces is given in the appendix A. Using it, one finds the tensors T2, T4 to be
T σβρν2 = −16
(−1)n(n+1)a2n
(n− 4)! F
νρβσ
12 (23)
T αλµβρν4 = −16
(−1)n(n+1)a2n
(n− 4)!
[
3(ηαβF νµρλ12 + η
λβF νρµα12 − ηµβF νρλα12 )
−(n− 4)(F νµρλβα12 + F νρβµαλ12 − F νρβλαµ12 − F ρβµλαν12 + F νβµλαρ12 − F νρµλαβ12 )
]
Here we have used the fact that an−4 = an, and have used the following notation for F12s:
F νρβσ12 ≡ F1µ1···µn−4νρβσF µ1···µn−42
F νρµβλα12 ≡ F1µ1···µn−5νρµβλF µ1···µn−5α2 (24)
Note that F1 is n-form and F2 is (n − 4)-form. Replacing the tensors T1, · · · , T4 into the
kinematic factor (20), one finds the amplitude (10) for one RR n-form, one RR (n − 4)-
form and two NSNS states. We have checked that the amplitude satisfies the Ward identity
corresponding to the NSNS gauge transformations. The kinematic factor can be further
simplified after specifying the NSNS states. As we will see in the next section, the amplitude
is non-zero only when the two NSNS states are antisymmetric. For the cases that n = m
and n = m+ 2, the traces have been calculated in the appendix A.
To find the couplings which are produced by the amplitude (10), one has to expand the
gamma functions in (10) at low energy, i.e.,
Γ(−s/8)Γ(−t/8)Γ(−u/8)
Γ(1 + s/8)Γ(1 + t/8)Γ(1 + u/8)
= − 2
9
stu
− 2ζ(3)− s
2 + su+ u2
32
ζ(5) + · · · (25)
8
where dots refer to higher order contact terms. The first term corresponds to the massless
poles in the Feynman amplitude of two RR and two NSNS fields which are reproduced by
the supergravity couplings. We have done this calculation in the appendix B. All other terms
correspond to the on-shell higher-derivative couplings of two RR and two NSNS fields in the
momentum space, i.e.,
Ac = −iκ
2e−2φ0
8
(
−2ζ(3)− s
2 + su+ u2
32
ζ(5) + · · ·
)
K (26)
Since the above amplitude contains only the contact terms, one has to be able to rewrite
it in terms of the RR and the NSNS field strengths. Moreover, the contact terms (26)
should satisfy the T-dual and S-dual Ward identities as well [9]-[11]. The couplings of two
RR field strengths and two Riemann curvatures/B-field strengths at eight-derivative level
have been found in [36] by imposing the above Ward identities on the four generalized
Riemann curvature couplings [2]. In the next section we will compare those couplings with
the corresponding contact terms in (26).
3 Gravity and B-field couplings
In this section we are going to simplify the kinematic factor in (26) for the specific NSNS
states which are either graviton or B-field, and compare them with the couplings that have
been found in [36]. These couplings have structure F (n)F (n)RR, F (n)F (n)HH , F (n)F (n−2)RH
and F (n)F (n−4)HH where R stands for the Riemann curvature and H stands for the deriva-
tive of B-field strength. The coupling with structure F (n)F (n−4)RR has been found to be
zero. Using the explicit form of the Ti tensors in (23), we have found that K = 0 when
the two NSNS states are symmetric and traceless. Therefore, there is no on-shell higher-
derivative coupling between one RR field strength F (n), one F (n−4) and two gravitons, as
expected.
3.1 F (n)F (n)RR
To find the contact terms with structure F (n)F (n)RR, one should first simplify the kinematic
factors in (21) when the two NSNS polarization tensors are symmetric and traceless. One
should then use the explicit form of the tensors T1, · · · , T4 calculated in (79). Using the
totally antisymmetric property of the RR field strengths and taking the on-shell relations
into account, one can write the kinematic factor (20) as
K = n
26
[
(n− 1)s
(
(n− 2)sF αβλµνρ12 h3λρh4βνk4αk4µ + F αβµν12 [−h3βν(tkρ2 − ukρ1)
×(h4µρk4α − h4αρk4µ)− uh3νρk4α(h4βρk4µ − h4βµk4ρ) + th3βρk4µ
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×(h4ανk4ρ − h4νρk4α)]
)
+ F αµ12
(
h3αµh
νρ
4 [u
2k1νk1ρ + tk2ν(tk2ρ − 2uk1ρ)]
+uh3µ
ν(tkρ2 − ukρ1)(h4νρk4α − h4αρk4ν) + t[−h3αν(tkρ2 − ukρ1)(h4νρk4µ − h4µρk4ν)
−uhνρ3 (h4νρk4αk4µ − k4ν(h4µρk4α + h4αρk4µ − h4αµk4ρ))]
)]
(27)
where h3, h4 are the graviton polarizations and 1 ≤ n ≤ 9. In order to compare the above
kinematic factor with the eight-derivative couplings found, we have to write the couplings
in both cases in terms of independent variables. To this end, we have to first write the
RR field strengths in the above kinematic factor in terms of the RR potential. Then using
the conservation of momentum and the on-shell relations, one may write it in terms of the
momentum k1, k2, k3 and in terms of the independent Mandelstam variables s, u. Moreover,
one should write k3·h4 = −k1·h4− k2·h4 and h4·k3 = −h4·k1−h4·k2 to rewrite the kinematic
factor in terms of the independent variables. The Ward identity corresponding to the gauge
transformations and the symmetry of the amplitude under the interchange of 1 ↔ 2 and
3 ↔ 4 can easily be verified in this form. Transforming the F (n)F (n)RR couplings found in
[36] to the momentum space and doing the same steps as above to write them in terms of
the independent variables, we have found exact agreement between (27) and the couplings
F (n)F (n)RR for n = 1, 2, 3, 4, 5.
One can easily extend the couplings with structure F (5)F (5)RR to F (n)F (n)RR with
6 ≤ n ≤ 9. Using F (5)F (5)RR couplings, one can use the dimensional reduction on a circle,
y ∼ y + 2π, and find the 9-dimensional couplings with structure F (5)F (5)RR which have no
Killing index. Then under the linear T-duality, these couplings transforms to the couplings
with structure F (6)y F
(6)
y RR. Following [36], one can easily complete the y-index and find the
10-dimensional couplings with structure F (6)F (6)RR. They produce the correct couplings
since it is impossible to have F (6)F (6)RR couplings in which the RR field strengths have no
contraction. Repeating the above steps, one finds F (n)F (n)RR with 6 ≤ n ≤ 9.
3.2 F (n)F (n)HH
To find the contact terms with structure F (n)F (n)HH , one should first simplify the kinematic
factors in (21) when the two NSNS polarization tensors are antisymmetric. Then, one should
use the explicit form of the tensors T1, · · · , T4 in (79). Using the totally antisymmetric
property of the RR field strengths and taking the on-shell relations into account, one can
write the kinematic factor (20) in this case as
K = 1
28
b3αβ
[
2n(t2 + u2)bαβ4 F
λρ
12 k4λk4ρ + 4b4
β
λ
(
(u− t)F12(tkλ2 − ukλ1 )kα4
+n[tF µα12 (tk
λ
2 − ukλ1 ) + u2F µλ12 kα4 ]k4µ + n[t(tF λρ12 kα4 − (n− 1)sF λµαρ12 k4µ)
−u(F αρ12 (tkλ2 − ukλ1 ) + (n− 1)sF αµλρ12 k4µ)]k4ρ
)
+ nb4λµ
(
2(tkλ2 − ukλ1 )
10
×[−2tF µβ12 kα4 + (n− 1)sF µναβ12 k4ν ] + 2ukα4 [2F βµ12 (tkλ2 − ukλ1 ) + (n− 1)s
×F βνλµ12 k4ν ] + (n− 1)s[(2tF λµβρ12 kα4 + (n− 2)sF λµναβρ12 k4ν)− 2F αβµρ12
×(tkλ2 − ukλ1 ) + (n− 2)sF αβνλµρ12 k4ν ]k4ρ
)]
(28)
where b3, b4 are the B-field polarization tensors. Writing the above kinematic factor and the
couplings F (n)F (n)HH found in [36] in terms of the independent variables, we have found
that they are exactly identical for n = 1, 2, 3, 4, 5. Using the consistency of the couplings
with the linear T-duality, one can easily extend the F (5)F (5)HH couplings to F (n)F (n)HH
with 6 ≤ n ≤ 9.
3.3 F (n)F (n−2)HR
To find the contact terms with structure F (n)F (n−2)HR, one should first simplify the kine-
matic factors in (21) when one of the NSNS polarization tensors is symmetric and traceless,
and the other one is antisymmetric. Then, one should use the explicit form of the tensors
T1, · · · , T4 in (80). In this case, one finds
K = − 1
27
b3αβ
[
F αβ12 h
νρ
4 [u
2k1νk1ρ + tk2ν(tk2ρ − 2uk1ρ)] +
(
2u2F νρ12 h4
β
ρk
α
4
+(n− 2)s[(n− 3)sF αβνρλµ12 h4µρk4λ + 2uF βνρλ12 (h4λρkα4 − h4αρk4λ)]
)
k4ν
+2uF βν12 (tk
ρ
2 − ukρ1)(h4νρkα4 − h4αρk4ν)− (n− 2)sF αβνλ12 (tkρ2 − ukρ1)
×(h4νρk4λ − h4λρk4ν)
]
(29)
Writing the above kinematic factor and the couplings F (n)F (n−2)HR found in [36] in terms
of the independent variables, we have found that they are exactly identical for n = 3, 4, 5.
Here also one can use the dimensional reduction on F (5)F (3)HR couplings and consider
the 9-dimensional couplings F (5)F (3)HR which have no y-index. Then under the linear T-
duality one finds F (6)y F
(4)
y HR. Since it is impossible to have coupling F
(6)F (4)HR in which
the RR field strengths have no contraction with each other, one can find all F (6)F (4)HR
couplings by completing the y-index in the above F (6)y F
(4)
y HR couplings. So the couplings
corresponding the kinematic factor (29) for 6 ≤ n ≤ 9 can easily be read from the F (5)F (3)HR
couplings.
3.4 F (n)F (n−4)HH
To find the contact terms with structure F (n)F (n−4)HH , one should first simplify the kine-
matic factors in (21) when the NSNS polarization tensors are antisymmetric. Then, one
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should use the explicit form of the Ti tensors in (23). In this case, one finds
K = s
28
b3αβb4λµk4ρ
[
2F αβµρ12 (tk
λ
2 − ukλ1 ) + 2uF βλµρ12 kα4 + (n− 4)sF αβλµρν12 k4ν
]
(30)
Writing it in terms of the independent variables, one finds that it is invariant under the
interchange of 3 ↔ 4, and it satisfies the Ward identity corresponding to the B-field gauge
transformation. The minimum value of n is 5, so we consider n = 5 and compare it with the
couplings with structure F (1)F (5)HH .
The F (1)F (5)HH couplings have been found in [36] by using the dimensional reduc-
tion on the couplings with structure F (2)F (4)HR which have been verified by explicit cal-
culation in the previous section. Then under the T-duality the couplings with structure
F (2)y F
(4)HRy where the index y is the Killing index, transform to the couplings with structure
F (1)F (5)y HHy. One can complete the y-index to find the couplings with structure F
(1)F (5)HH
in the string frame3, i.e.,
S ⊃ γ
κ2
∫
d10x
√−G[8Fh,kFmnpqr,sHhpq,mHkrs,n (31)
+4Fh,kFkmnpq,rHmns,hHpqr,s − 2Fh,kFkmnpq,hHmns,rHpqr,s]
where γ = α′3ζ(3)/25. There is one extra term in the couplings that have been found in
[36] which is zero on-shell. Moreover, there is an extra factor of −1/2 in the above action
which is resulted from completing the Killing y-index and considering the fact that three
are two B-field strengths in the couplings with structure F (1)F (5)y HHy. Transforming the
above action to the momentum space, and writing the couplings in terms of the independent
variables, we have found exact agreement with the kinematic factor in (30).
One can use the dimensional reduction on above F (1)F (5)HH couplings and consider the
9-dimensional couplings F (1)F (5)HH which have no y-index. Then under the linear T-duality
one finds F (2)y F
(6)
y HH . Completing the y-index, one finds all couplings in which the RR field
strengths have contraction with each other. In this case, however, it is possible to have
coupling F (2)F (6)HH in which the RR field strengths have no contraction with each other.
We add all such couplings with unknown coefficients, and constrain them to be consistent
with the kinematic factor (30). We find the following result for F (2)F (6)HH couplings:
S ⊃ γ
κ2
∫
d10x
√−G[8Fht,kFmnpqrt,sHhpq,mHkrs,n + 8Fhm,nFnkpqrs,tHhkp,qHmrs,t
+4Fht,kFkmnpqt,rHmns,hHpqr,s − 2Fht,kFkmnpqt,hHmns,rHpqr,s] (32)
The first term and the couplings in the second line are the couplings that can be read from
the T-duality of the couplings (31). The second term is the coupling in which the RR field
strengths have no contraction with each other, hence, it could not be read from the T-duality
of (31).
3Note that in writing the field theory couplings we have used only the lowercase indices and the repeated
indices are contracted with the metric gµν .
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The couplings with structure F (n−4)F (n)HH for n > 6 can easily be read from the T-
duality of the couplings (32) because it is impossible to have such couplings in which the
RR field strengths have no contraction with each other. The result is
S ⊃ 1
(n− 5)!
γ
κ2
∫
d10x
√−G[8Fha1···an−5,kFmnpqra1···an−5,sHhpq,mHkrs,n
−2Fha1···an−5,kFkmnpqa1···an−5,hHmns,rHpqr,s + 4Fha1···an−5,kFkmnpqa1···an−5,rHmns,hHpqr,s
+8(n− 5)Fhma1···an−6,nFnkpqrsa1···an−6,tHhkp,qHmrs,t] (33)
The number of indices a1 · · ·an−m in the RR field strengths is such that the total number
of the indices of F (n) must be n. For example, Fnkpqrsa1···an−6,t is Fnkpqrs,t for n = 6 and is
zero for n < 6. We have checked that the above couplings are consistent with the kinematic
factor (30) for n ≥ 5.
4 Dilaton couplings
In this section we are going to simplify the kinematic factor in (26) for the cases that one
or both of the NSNS states are dilatons. One has to use (5) for the dilaton polarization.
There are three cases to consider. The first case is when one of the polarizations is the
dilaton and the other one is antisymmetric. The kinematic factor in this case is non-zero for
n = m + 2. So the non-zero couplings should have structure F (n)F (n−2)Hφ where φ stands
for the second derivatives of the dilaton. The second case is when one of the polarization
tensors is the dilaton and the other one is symmetric and traceless. The kinematic factor in
this case is non-zero for n = m. So the non-zero couplings in this case should have structure
F (n)F (n)Rφ. The third case is when both of the NSNS polarizations are the dilatons. The
kinematic factor in this case is also non-zero for n = m. The non-zero couplings should
have the structure F (n)F (n)φφ. In all cases, we have found that the auxiliary vector ℓ of the
dilaton polarization (5) is canceled in the kinematic factors, as expected. Let us begin with
the first case.
4.1 F (n)F (n−2)Hφ
Replacing the tensors Ti for n = m + 2 case which are calculated in (80), into (21), one
finds the following result for the kinematic factor (20) when one of the polarization tensors
is antisymmetric and the other is the dilaton polarization (5):
K = −(n− 7)s− 2t
28
√
2
φ3b4αβk4ν
[
2F βν12 (tk
α
2 − ukα1 ) + (n− 2)sF αβνλ12 k4λ
]
(34)
As has been discussed already, the external states in the contact terms (26) are in the
Einstein frame whereas the background metric ηµν is in the string frame. Hence, to find the
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appropriate couplings in a specific frame, one has to either transform the external graviton
states to the string frame or transform the background metric ηµν to the Einstein frame,
i.e., eφ0/2ηµν . We choose the latter transformation to rewrite the contact terms (26) in the
Einstein frame.
Since the couplings are in the Einstein frame, the natural question is whether the string
frame couplings F (n)F (n−2)HR, produce all the couplings F (n)F (n−2)Hφ in the Einstein
frame? In fact the transformation of the Riemann curvature from the string frame to the
Einstein frame is [37]
Rab
cd =⇒ Rabcd − κ√
2
η[a
[cφ;b]
d] + · · · (35)
where φ is the perturbation of dilaton, i.e., Φ = φ0 +
√
2κφ. In above equation dots refer
to the terms with two dilatons in which we are not interested. We have transformed the
string frame couplings F (n)F (n−2)HR to the Einstein frame and found that the resulting
F (n)F (n−2)Hφ couplings are not consistent with the kinematic factor in (34). This indicates
that there must be some new couplings with structure F (n)F (n−2)Hφ in the string frame. The
combination of these couplings and the couplings with structure F (n)F (n−2)HR, then must
be consistent with (34) when transforming them to the Einstein frame. This constraint can
be used to find the dilaton couplings. We will find the couplings in both string and Einstein
frames for n ≤ 5. In section 5, we extend the string frame couplings to 1 ≤ n ≤ 9.
The new couplings in the string frame must be consistent with the linear T-duality. So we
will first find the new couplings for the case of n = 5 by using the consistency with (34) and
then find the couplings for other values of n ≤ 4 by using the consistency with the linear T-
duality. To find the string frame couplings with structure F (5)F (3)Hφ, we consider all possible
on-shell contractions of terms with structure F (5)F (3)Hφ with unknown coefficients. This can
be performed using the new field theory motivated package for the Mathematica ”xTras”
[50]. Transforming the combination of these couplings and the couplings with structure
F (5)F (3)Hφ found in [36], to the Einstein frame and constraining them to be consistent
with the kinematic factor (34), one finds some relations between the unknown coefficients.
Replacing these relations into the general couplings with structure F (5)F (3)Hφ, one finds the
following couplings in the string frame:
S ⊃ −4
3
γ
κ2
∫
d10x
√−G[6Hhrs,mFknqrs,pFmnp,q + 3Hhrs,mFknprs,qFmnp,q (36)
−Hhrs,kFmnprs,qFmnp,q − 6Fknprs,qFmnp,qHhmr,s
+6Fmnp,qFknpqr,sHhmr,s + 3Fhmn,pFmnpqr,sHkqr,s]Φ,hk
Plus some other terms which contains some of the unknown coefficients. However, these
terms vanish when we write the field strengths in terms of the corresponding potentials and
use the on-shell relations to write the result in terms of the independent variables. That
means these terms are canceled using the Bianchi identities for the RR and for the B-field
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strengths and the on-shell relations. As a result, these terms can safely be set to zero. We
refer the reader to section 4.3 in which similar calculation has been done in more details.
Since we have considered all contractions without fixing completely the Bianchi identities,
the above couplings are unique up to using the Bianchi identities. That is, one may find
another action which is related to the above action by using the Bianchi identities and the
on-shell relations.
Having found the string frame couplings F (n)F (n−2)Hφ for n = 5 in (36), we now ap-
ply the T-duality transformations on them to find the corresponding couplings for other n.
We use the dimensional reduction on the couplings (36) and find the couplings with struc-
ture F (5)y F
(3)
y Hφ. Under the linear T-duality transformations, the RR field strength F
(n)
y
transforms to F (n−1) with no Killing index, the B-field with no y-index is invariant and the
perturbation of dilaton transforms as (see e.g., [36])
φ→ φ− 1√
2
hyy (37)
where hµν is the metric perturbation, i.e., gµν = ηµν + 2κhµν . The couplings in F
(5)
y F
(3)
y Hφ
corresponding to the second term above should be canceled with the couplings with structure
F (4)F (2)HRyy. The terms corresponding to the first term in (37) have structure F
(4)F (2)Hφ.
The result for all terms in (36) is the following couplings in the string frame:
S ⊃ −4 γ
κ2
∫
d10x
√−G[2Hhrs,mFkqrs,pFmp,q + 2Hhrs,mFkprs,qFmp,q (38)
−Hhrs,kFmprs,qFmp,q − 4Fkprs,qFmp,qHhmr,s
+4Fmp,qFkpqr,sHhmr,s − 2Fhm,pFmpqr,sHkqr,s]Φ,hk
The transformation of the combination of the above couplings and the couplings with struc-
ture F (4)F (2)HR which have been found in [36], to the Einstein frame is the following:
S ⊃ γ
κ2
∫
d10x
√−Ge−φ0 [− 2Fhm,nFmnpq,rHkpq,rΦ,hk − 2Fhm,nFnkpq,rHmpq,rΦ,hk
+6Fhm,nFnpqr,kHmpq,rΦ,hk − 8Fhm,nFmkpq,rHnpq,rΦ,hk + 12Fhm,nFmkpr,qHnpq,rΦ,hk
+
2
3
Fhm,nFmkpq,rHkpq,rΦ,hn + 12Fhm,nFmnqr,pHhkq,rΦ,kp − 6Fhm,nFmnqr,pHhqr,kΦ,kp
+6Fhm,nFmkqr,pHhqr,nΦ,kp] (39)
We have checked that it is consistent with (34) for n = 4. In writing the above result we have
used the Bianchi identities and the on-shell relations to simplify the couplings. However, one
may still use these identities to rewrite the above couplings in a simpler form. It would be
interesting to find the minimum number of terms in which the Bianchi identities have been
used completely.
Having found the string frame couplings F (n)F (n−2)Hφ for n = 4 in (38), we now apply
the T-duality transformations on them to find the corresponding couplings for n = 3. To
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find the couplings with structure F (3)F (1)Hφ, one has to use the dimensional reduction on
the couplings (38) and find the couplings with structure F (4)y F
(2)
y Hφ. Then under the linear
T-duality transformations, they transform to the couplings with structure F (3)F (1)Hφ. In
the string frame they are given by
S ⊃ −8 γ
κ2
∫
d10x
√−GΦ,hk[Hhrs,mFkrs,qFm,q −Hhrs,kFmrs,qFm,q (40)
−2Fkrs,qFm,qHhmr,s + 2Fm,qFkqr,sHhmr,s + Fh,pFpqr,sHkqr,s]
We have checked that the transformation of the combination of the above couplings and the
couplings with structure F (3)F (1)HR, to the Einstein frame produces exactly the couplings
which are consistent with (34) for n = 3.
4.1.1 Consistency with the S-duality
The dilaton couplings in (38) are in the type IIA theory whereas the couplings in (36) and
(40) are in the type IIB theory. The effective action in the type IIB theory should be invariant
under the S-duality, as a result, the couplings in (36) and (40) should be consistent with
the S-duality. The standard S-duality transformations are in the Einstein frame, so we have
to transform the couplings with structure F (n)F (n−2)HR and F (n)F (n−2)Hφ to the Einstein
frame and then study their compatibility with the S-duality for n = 5, 3.
The extension of the couplings in (31) to the S-duality invariant form has been found in
[36]. Apart from the overall dilaton factor in the Einstein frame which is extended to the
SL(2, Z) invariant Eisenstein series E3/2, each coupling should be extended to the SL(2, R)
invariant form, e.g., the first term in (31) is extended to
HThqr,mM,nkN−1M0Hmps,k = 2Fn,k(Hhqr,mHmps,k − e2φ0Fhqr,mFmps,k) (41)
+
√
2κφ,nk(Hhqr,mFmps,k + Fhqr,mHmps,k) + · · ·
where dots refer to the terms with non-zero axion background in which we are not interested.
We refer the interested reader to [36] for the definitions of H, M and N . The terms in (31)
correspond to the first term in the above SL(2, R) invariant set. The terms in the S-duality
invariant action which correspond to the second line above have structure F (5)F (3)Hφ. We
have checked explicitly that these terms are reproduced exactly by transforming the couplings
(36) and the couplings with structure F (5)F (3)HR (see eq.(35) in [36]) to the Einstein frame.
In other words, these couplings are fully consistent with the kinematic factor (34) for n = 5.
The couplings corresponding to the last term in (41) are the S-duality prediction for four
RR couplings with structure F (5)F (1)F (3)F (3).
The transformation of the couplings (40) and the couplings with structure F (3)F (1)HR
(see eq.(37) in [36]) to the Einstein frame, produces the following couplings with structure
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F (3)F (1)Hφ in the Einstein frame:
S ⊃ γ
κ2
∫
d10x
√−Ge−φ0/2[− 4
3
Fh,mFnkp,qHnkp,qΦ,hm (42)
+8Fh,mFkpq,nHmkp,qΦ,hn + 4Fh,mFnkp,qHmkp,qΦ,hn + 4Fh,mFmkp,qHnkp,qΦ,hn
−8Fh,mFnpq,kHhpq,mΦ,nk − 16Fh,mFhpq,nHmkp,qΦ,nk + 8Fh,mFhpq,nHmpq,kΦ,nk]
which are consistent with the kinematic factor (34) for n = 3. Using the on-shell relations,
one finds that the above amplitude is invariant under the transformation
F (3) −→ H ; H −→ −F (3) (43)
It is also invariant under the following transformation:
F (1) −→ dΦ ; dΦ −→ −F (1) (44)
Using these properties, one should extended the amplitude (42) to the S-duality invariant
form.
The dilaton factor in (42) can be rewritten as e−3φ0/2 × eφ0 . The first factor is extended
to the SL(2, Z) invariant function E3/2 after including the one-loop result and the nonper-
turbative effects [13]. The second factor combines with the dilaton and the RR scalar to
produce the following SL(2, R) invariant term:
eφ0(Fh,kΦ,mn − Fm,nΦ,hk) (45)
Using the standard SL(2, R) transformation of the dilaton and the RR scalar, i.e., τ −→ pτ+q
rτ+s
where τ = C+ie−Φ, one finds the above term is invariant under the SL(2, R) transformation4.
The RR two-form and the B-field should appear in the following SL(2, R) invariant term:
HTmnq,pNHmnp,q = Hmnq,pFmnp,q − Fmnq,pHmnp,q (46)
Therefore, the SL(2, Z) invariant extension of the action (42) has no coupling other than
F (3)F (1)Hφ.
4.2 F (n)F (n)Rφ
Replacing the tensors Ti for n = m case which are calculated in (78), into (21), one finds
the following result for the kinematic factor (20) when one of the polarization tensors is
symmetric and traceless and the other one is the dilaton polarization (5):
K = φ3
27
√
2
(n− 5)
[
F12h
µν
4
(
u2k1µk1ν + tk2µ(tk2ν − 2uk1ν)
)
+ns
(
(n− 1)sF αβµν12 h4βνk4αk4µ − F αµ12 (tkν2 − ukν1)(h4µνk4α − h4ανk4µ)
)]
(47)
4It has been observed in [51] that eΦF (1) ∧ dΦ is invariant under the Z2 subgroup of the SL(2, R) group.
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The kinematic factor is zero for n = 5. So there is no higher-derivative coupling between
two F (5), one graviton and one dilaton in the Einstein frame. This result is consistent with
the S-duality because F (5) and the graviton in the Einstein frame are invariant under the
S-duality whereas the dilaton is not invariant under the S-duality.
Now we are going to find the couplings with structure F (n)F (n)Rφ for n = 1, 2, 3, 4, 5
in the string frame. To this end, we have to first transform the string frame couplings
with structure F (n)F (n)RR which have been found in [36], to the Einstein frame. If they
do not produce the kinematic factor (47), then one has to consider new couplings with
structure F (n)F (n)Rφ. So let us begin with the case of n = 5. Transforming the couplings
with structure F (5)F (5)RR (see eq.(27) in [36]) to the Einstein frame, we have found that
they produce the couplings with structure F (5)F (5)Rφ which are not zero, i.e., they are not
consistent with (47). As a result, one has to consider new couplings in the string frame with
structure F (5)F (5)Rφ to cancel them. We consider all such on-shell couplings with unknown
coefficients, and constrain them to cancel the above F (5)F (5)Rφ couplings. This constraint
produces some relations between the coefficients. Replacing them into the general couplings
with structure F (5)F (5)Rφ, one finds the following couplings:
S ⊃ −4
3
γ
κ2
∫
d10x
√−G[− Rhmnp Fkqrst,nFmpqrs,t −RhmnpFmqrst,pFknqrs,t (48)
+3RhmnpFmpqrt,s Fknqrs,t − 3Rhmnp Fmpqrs,tFknqrs,t +RhmknFnpqrt,s Fmpqrs,t]Φ,hk
Plus some other terms which contains some of the unknown coefficients. However, these
terms vanish when we write the field strengths in terms of the corresponding potentials and
use the on-shell relations to write the result in terms of the independent variables. As a
result, these terms can safely be set to zero. We refer the reader to section 4.3 in which
similar calculation has been done in more details.
Using the above couplings in the string frame, one can perform the dimensional reduction
on a circle and finds the couplings with structure F (5)y F
(5)
y Rφ. Under the linear T-duality,
they produce the following couplings with structure F (4)F (4)Rφ in the type IIA theory:
S ⊃ −4 γ
κ2
∫
d10x
√−G[Rhmnp Fkrst,nFmprs,t +RhmnpFmrst,pFknrs,t (49)
+2RhmnpFmprt,s Fknrs,t − 3Rhmnp Fmprs,tFknrs,t +RhmknFnprt,s Fmprs,t]Φ,hk
The transformation of the above couplings and the couplings with structure F (4)F (4)RR (see
eq.(26) in [36]), to the Einstein frame produces the following couplings:
S ⊃ γ
κ2
∫
d10x
√−Ge−3φ0/2[3Fmkqr,sFnpqr,sRhnkpΦ,hm − Fmqrs,kFnpqr,sRhnkpΦ,hm (50)
−2Fmkqr,sFnpqs,rRhnkpΦ,hm − Fmkqr,sFnqrs,pRhnkpΦ,hm − Fkpqs,rFnpqr,sRhnmkΦ,hm]
which are exactly consistent with (47) for n = 4.
The couplings with structure F (3)F (3)Rφ in the string frame can be found from the
couplings (49) by applying the dimensional reduction and finding the terms with structure
18
F (3)y F
(3)
y Rφ. Then under T-duality they produce the following couplings in the type IIB
theory:
S ⊃ −8 γ
κ2
∫
d10x
√−G[− Rhmnp Fkst,nFmps,t − RhmnpFmst,pFkns,t (51)
+RhmnpFmpt,s Fkns,t − 3Rhmnp Fmps,tFkns,t + RhmknFnpt,s Fmps,t]Φ,hk
We have checked that the transformation of the above couplings and the couplings with
structure F (3)F (3)RR (see eq.(20) in [36]), to the Einstein frame are exactly consistent with
(47) for n = 3. The S-duality transformations of these couplings are discussed in the next
section.
Having found the couplings with structure F (3)F (3)Rφ in (51), we now construct the
couplings with structure F (2)F (2)Rφ in the type IIA theory. Under the dimensional reduc-
tion on the above couplings, the couplings with structure F (3)y F
(3)
y Rφ produce the following
couplings under the T-duality:
S ⊃ −8 γ
κ2
∫
d10x
√−G[Rhmnp Fkt,nFmp,t +RhmnpFmt,pFkn,t (52)
−3Rhmnp Fmp,tFkn,t +RhmknFnt,s Fms,t]Φ,hk
Note that in the first term in the second line of (51) there is no contraction between the two
RR field strengths. Hence, this term does not produce coupling with structure F (3)y F
(3)
y Rφ.
That is why this term does not appear in (52). The transformation of the above couplings
and the couplings with structure F (2)F (2)RR (see eq.(21) in [36]), to the Einstein frame is
given by the following couplings:
S ⊃ 12 γ
κ2
∫
d10x
√−Ge−φ0/2[Fhm,nFkp,qRmkpqΦ,hn − Fhm,nFkp,qRmnpqΦ,hk (53)
−Fhm,nFkp,nRmkpqΦ,hq − Fhm,nFnk,pRmkpqΦ,hq]
which are exactly consistent with (47) for n = 2.
There is no contraction between the RR field strengths in (52), hence, the dimensional
reduction on a circle does not produce couplings with structure F (2)y F
(2)
y Rφ. As a result,
the linear T-duality indicates that there is no new coupling with structure F (1)F (1)Rφ in
the string frame. We have checked that the transformation of the couplings with structure
F (1)F (1)RR (see eq.(22) in [36]), to the Einstein frame are consistent with (47) for n = 1. In
fact both are zero in this case.
4.2.1 Consistency with the S-duality
The Einstein frame couplings F (n)F (n)Rφ for n = 1, 3, 5 are in the type IIB theory, so they
should be consistent with the S-duality. We have seen that for n = 1, 5 the couplings are zero
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which are consistent with the S-duality because it is impossible to construct the SL(2, R)
invariant term from one dilaton or from one dilaton and two RR scalars. Note that the
dilaton and the axion in E3/2 are constant, so we can not consider the derivative of E3/2
which produces ∂φe−3φ/2 at weak coupling. In fact the contact terms in (26) represent the
couplings of four quantum states in the presence of constant dilaton background. It is totally
nontrivial to extend the amplitude (10) to non-constant dilaton background, i.e., it is not
trivial to take into account the derivatives of the dilaton background. That amplitude would
produce higher-point functions.
The couplings with structure F (3)F (3)Rφ, however, are not zero. That means it is possible
to construct the SL(2, R) invariant couplings which contains one dilaton and two RR 2-forms.
In fact the S-duality invariant couplings which include such couplings have been constructed
in [36], i.e.,
S ⊃ γ
κ2
∫
d10xE3/2
√−G[4HThqr,nM,rmHknp,hRmpkq − 4HTnpr,hM,mkHhnq,rRkqmp
−4HTnpq,mM,qhHmpr,kRkrhn + 4HTnpq,hM,qmHknr,hRmrkp − 2HTnpq,hM,mhHnpr,kRmrkq
+2HTmnq,hM,rkHnpq,kRprhm − 2HTmnp,kM,rmHnpq,hRqrhk] (54)
Each term is invariant under the SL(2, R) transformations. For zero axion background, each
term has the following couplings:
HThqr,nM,rmHknp,hRmpkq = 2eφ0Fr,m(Fhqr,nHknp,h +Hhqr,nFknp,h)Rmpkq (55)
+
√
2κφ,rm(e
φ0Fhqr,nFknp,h − e−φ0Hhqr,nHknp,h)Rmpkq
The couplings corresponding to the terms in the first line of (55) have been found in [36].
The couplings corresponding to the last term above have been found in [52]. The couplings
corresponding to the first term in the second line of (55) are the couplings F (3)F (3)Rφ in the
Einstein frame. We have checked it explicitly that they are consistent with (47) for n = 3.
4.3 F (n)F (n)φφ
Replacing the tensors Ti for n = m case which are calculated in (78), into (21), one finds
the following result for the kinematic factor (20) when both the NSNS polarization tensors
are the dilaton polarization (5):
K = φ3φ4
211
[
(n− 5)stuF12 + 4nF αµ12
(
(n− 5)suk1µk4α
+(n− 5)stk2αk4µ + [(n− 5)2s2 − 8tu]k4αk4µ
)]
(56)
We are going to find the couplings with structure F (n)F (n)φφ for n = 1, 2, 3, 4, 5 which are
consistent with the above kinematic factor. For n = 5, only the last term survives. The
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coupling in the Einstein frame is
S ⊃ 1
6
γ
κ2
∫
d10x
√−Ge−3φ0/2[Fhpqrs,mFkpqrs,nΦ,hkΦ,mn] (57)
which can easily be extended to the S-duality invariant form. However, the couplings in
the string frame which can be studied under the linear T-duality, are not so easy to read
from the kinematic factor (56). So we consider all possible on-shell couplings with structure
F (5)F (5)φφ in the string frame with unknown coefficients, i.e.,
S ⊃ 1
2
γ
κ2
∫
d10x
√−G[C1Fnkpqr,sFnkpqr,sΦ,hmΦ,hm
+C2Fnkpqr,sFnkpqs,rΦ,hmΦ,hm + C3Fmkpqr,sFnkpqr,sΦ,hmΦ,hn
+C4Fmkpqr,sFnkpqs,rΦ,hmΦ,hn + C5Fkpqrs,nFmkpqr,sΦ,hmΦ,hn
+C6Fkpqrs,mFkpqrs,nΦ,hmΦ,hn + C7Fhnpqr,sFmkpqr,sΦ,hmΦ,nk
+C8Fhnpqr,sFmkpqs,rΦ,hmΦ,nk + C9Fhnpqr,sFmpqrs,kΦ,hmΦ,nk
+C10Fhpqrs,nFmpqrs,kΦ,hmΦ,nk + C11Fhpqrs,mFnpqrs,kΦ,hmΦ,nk
+C12Fhpqrs,nFkpqrs,mΦ,hmΦ,nk] (58)
and find the coefficients by imposing the constraint that the couplings in the Einstein frame
are given by the above equation.
To find the coefficients, one has to consider the string frame couplings with structure
F (5)F (5)RR which have been found in [36], and the string frame couplings with structure
F (5)F (5)Rφ which have been found in (48). Both of them produce couplings with structure
F (5)F (5)φφ when transforming them to the Einstein frame (35). Transforming all couplings
to the Einstein frame and constraining them to be identical with the coupling (57), one finds
the following couplings in the string frame:
S ⊃ γ
κ2
∫
d10x
√−G[− 1
30
Fmnpqr,s(Fmnpqr,sΦ,hk − 10Fknpqr,sΦ,hm)Φ,hk] (59)
Plus the following terms which contains some of the unknown coefficients:
S ⊃ 1
2
γ
κ2
∫
d10x
√−G[C5Fkpqrs,nFmkpqr,sΦ,hmΦ,hn
−1
5
C2Fnkpqr,sFnkpqr,sΦ,hmΦ,hm +
1
10
C11Fnkpqr,sFnkpqr,sΦ,hmΦ,hm
+C2Fnkpqr,sFnkpqs,rΦ,hmΦ,hm + C6Fkpqrs,mFkpqrs,nΦ,hmΦ,hn
−C5Fmkpqr,sFnkpqr,sΦ,hmΦ,hn − 5C6Fmkpqr,sFnkpqr,sΦ,hmΦ,hn
−2C11Fmkpqr,sFnkpqr,sΦ,hmΦ,hn + 4C5Fmkpqr,sFnkpqs,rΦ,hmΦ,hn
+20C6Fmkpqr,sFnkpqs,rΦ,hmΦ,hn + C7Fmkpqr,sFnkpqs,rΦ,hmΦ,hn
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−1
2
C9Fmkpqr,sFnkpqs,rΦ,hmΦ,hn + 6C11Fmkpqr,sFnkpqs,rΦ,hmΦ,hn
−2C12Fmkpqr,sFnkpqs,rΦ,hmΦ,hn + C12Fhpqrs,nFkpqrs,mΦ,hmΦ,nk
+C7Fhnpqr,sFmkpqr,sΦ,hmΦ,nk + C8Fhnpqr,sFmkpqs,rΦ,hmΦ,nk
+C9Fhnpqr,sFmpqrs,kΦ,hmΦ,nk − C11Fhpqrs,nFmpqrs,kΦ,hmΦ,nk
−C12Fhpqrs,nFmpqrs,kΦ,hmΦ,nk + C11Fhpqrs,mFnpqrs,kΦ,hmΦ,nk] (60)
However, using the Bianchi identity and the on-shell relations, one finds that they are zero.
To see this explicitly, consider for example the terms with coefficient C2, i.e.,
− 1
5
C2Fnkpqr,sFnkpqr,sΦ,hmΦ,hm + C2Fnkpqr,sFnkpqs,rΦ,hmΦ,hm (61)
To apply the Bianchi identity we write the RR field strength in terms of the RR potential.
To impose the on-shell relations, we first transform the couplings to the momentum space
and then impose the on-shell relations. One finds
− 48C2(k1.k2)2C1hmnpC2npqrk1qk1rk2hk2m (62)
which can easily be observed that it is zero using the totally antisymmetric property of the
RR potential. Simile calculation shows that all other terms in (60) vanishes.
We now apply the T-duality transformations on the couplings (59) to find the string
frame couplings with structure F (4)F (4)φφ in the type IIA theory. To this end, we use the
dimensional reduction on the couplings (59) and find the couplings with structure F (5)y F
(5)
y φφ.
Under the linear T-duality transformations, they transforms to the couplings with structure
F (4)F (4)φφ and some other terms involving Ryy in which we are not interested. The couplings
with structure F (4)F (4)φφ are
S ⊃ γ
κ2
∫
d10x
√−G[− 1
6
Fmnpq,r(Fmnpq,rΦ,hk − 8Fknpq,rΦ,hm)Φ,hk] (63)
The transformation of the above couplings, the couplings in (49) and the couplings with
structure F (4)F (4)RR (see eq.(26) in [36]), to the Einstein frame produces the following
couplings:
S ⊃ 1
2
γ
κ2
∫
d10x
√−Ge−φ0[− 1
48
Fnkpq,rFnkpq,rΦ,hmΦ,hm (64)
+
1
6
Fmkpq,rFnkpq,rΦ,hmΦ,hn +
4
3
Fhpqr,nFmpqr,kΦ,hmΦ,nk]
which are fully consistent with the kinematic factor (56) for n = 4. In writing the above
result, we have used the Bianchi identity and the on-shell relations to simplify the result.
To find the string frame couplings with structure F (3)F (3)φφ in the type IIB theory,
one has to use the dimensional reduction on the couplings (63) and find the couplings with
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structure F (4)y F
(4)
y φφ. Then under the linear T-duality transformations, they transform to
the following couplings with structure F (3)F (3)φφ:
S ⊃ γ
κ2
∫
d10x
√−G[− 2
3
Fmnp,q(Fmnp,qΦ,hk − 6 Fknp,qΦ,hm)Φ,hk] (65)
We have checked that the transformation of the above couplings, the couplings in (51) and
the couplings with structure F (3)F (3)RR (see eq.(20) in [36]), to the Einstein frame produces
the couplings with structure F (3)F (3)φφ which are consistent with the kinematic factor (56)
for n = 3. We will study the S-duality of these couplings in the next section.
Applying the T-duality transformations on the couplings (65), one finds the following
couplings in the type IIA theory in the string frame:
S ⊃ γ
κ2
∫
d10x
√−G[− 2Fmn,q(Fmn,qΦ,hk − 4 Fkn,qΦ,hm)Φ,hk] (66)
The transformation of the above couplings, the couplings in (52) and the couplings with
structure F (2)F (2)RR (see eq.(21) in [36]), to the Einstein frame produces the following
couplings:
S ⊃ 1
2
γ
κ2
∫
d10x
√−G[9Fhk,pFhm,nΦ,kpΦ,mn + 10Fhm,nFnk,pΦ,hkΦ,mp (67)
−9Fhm,nFhn,kΦ,kpΦ,mp − Fhk,pFhm,nΦ,mpΦ,nk]
which are consistent with the kinematic factor (56) for n = 2.
Finally, applying the T-duality transformations on the couplings (66), one finds the
following couplings in the type IIB theory in the string frame:
S ⊃ γ
κ2
∫
d10x
√−G[− 4Fm,q(Fm,qΦ,hk − 2 Fk ,qΦ,hm)Φ,hk] (68)
We have checked that the transformation of the above couplings and the couplings with
structure F (1)F (1)RR (see eq.(22) in [36]), to the Einstein frame produces couplings with
structure F (1)F (1)φφ which are consistent with the kinematic factor (56) for n = 1.
4.3.1 Consistency with the S-duality
The Einstein frame couplings F (n)F (n)φφ for n = 1, 3, 5 are in the type IIB theory, so they
should be consistent with the S-duality. For n = 5, the coupling is given in (57). The
S-duality invariant extension of this coupling is
S ⊃ − 1
12
γ
κ2
∫
d10x
√−GE3/2
(
Fhpqrs,mFkpqrs,nTr[M,hkM−1,mn]
)
(69)
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where the SL(2, R) invariant combination of the dilaton and the RR scalar is
− 1
4
Tr[M,hkM−1,mn] = 2e2φ0Fh,kFm,n + κ2φ,hkφ,mn (70)
The second term corresponds to the coupling (57). The first term is the S-duality prediction
for the couplings of two RR 4-forms and two RR scalars.
To study the S-duality of couplings for n = 3 case, consider the following S-duality
invariant action that has been found in [36]:
S ⊃ γ
κ2
∫
d10x
√−GE3/2
[
1
6
Tr[M,nhM−1,nk]HTmpr,hM0Hmpr,k (71)
−1
2
Tr[M,nhM−1,km]HTmpr,kM0Hnpr,h −
1
2
Tr[M,hmM−1,kn]HTmpr,kM0Hnpr,h
]
where in the presence of zero axion background, the SL(2, R) invariant HTM0H has the
following terms:
HTM0H = e−φ0HH + eφ0F (3)F (3) (72)
Using (70) and the above expression, one finds the S-duality invariant action (71) has four
different terms. Terms with structure HHφφ which have been verified by the corresponding
S-matrix element in [52], terms with structure HHF (1)F (1) which have been verified by the
corresponding S-matrix element in section 3.2, terms with structure F (3)F (3)φφ and terms
with structure F (3)F (3)F (1)F (1). We have checked explicitly that the couplings in (71) with
structure F (3)F (3)φφ are consistent with the kinematic factor (56) for n = 3. The couplings
in (71) with structure F (3)F (3)F (1)F (1) are the prediction of the S-duality for the couplings
of two RR 2-forms and two RR scalars.
To study the S-duality of couplings for n = 1 case, consider the following S-duality
invariant action that has been found in [52]:
S⊃ γ
κ2
∫
d10x
√−GE3/2
[
a
(
1
4
Tr[M,nmM−1,nm]
)2
+
b
16
Tr[M,nmM−1,hk]Tr[M,hkM−1,nm]
]
(73)
where the constants a, b satisfy the relation a + b = 1. Using the expression (70), one finds
the above action has three different couplings. The couplings with structure φφφφ which
have been verified by the S-matrix element of four dilatons in [52] and the couplings with
structures F (1)F (1)φφ and F (1)F (1)F (1)F (1). We have found that the couplings with structure
F (1)F (1)φφ are reproduced by the kinematic factor (56) for n = 1. This fixes the constants
to be a = −1 and b = 2. The couplings in (73) with structure F (1)F (1)F (1)F (1) are the
prediction of the S-duality for the couplings of four RR scalars. These couplings have been
confirmed in [52] to be consistent with the linear T-duality of the couplings with structure
F (3)F (3)F (3)F (3).
24
5 Discussion
In this paper, we have examined in details the calculation of the S-matrix element of two
RR and two NSNS states in the RNS formalism to find the corresponding couplings at order
α′3. For the gravity and B-field couplings, we have found perfect agreement with the eight-
derivative couplings that have been found in [36]. For the dilaton couplings in the Einstein
frame, we have found that the couplings are fully consistent with the S-dual multiplets that
have been found in [36]. We have also found the couplings with structure F (3)F (1)Hφ which
are singlet under the SL(2, R) transformation.
Unlike the four NSNS couplings which have no dilaton in the string frame, we have found
that there are non-zero couplings between the dilaton and the RR fields in the string frame.
The couplings with structure F (n)F (n)φφ are the following:
S ⊃ γ
κ2
∫
d10x
√−G
[
8
(n− 1)!Fka1···an−1 ,sFma1···an−1 ,sΦ,hm −
4
n!
Fa1···an ,sFa1···an ,sΦ,hk
]
Φ,hk
The couplings with structure F (n)F (n)Rφ are the following:
S ⊃ − 8
(n− 2)!
γ
κ2
∫
d10x
√−G
[
Rhmnp Fkta1···an−2 ,nFmpa1···an−2 ,t (74)
+RhmnpFmta1···an−2 ,pFkna1···an−2 ,t + (n− 2)RhmnpFmpta1···an−3 ,s Fknsa1···an−3 ,t
−3Rhmnp Fmpa1···an−2 ,tFkna1···an−2 ,t +RhmknFnta1···an−2 ,s Fmsa1···an−2 ,t
]
Φ,hk
And the couplings with structure F (n)F (n−2)Hφ are the following:
S ⊃ − 8
(n− 3)!
γ
κ2
∫
d10x
√−G
[
(n− 3)Hhrs,mFkqrsa1···an−4 ,pFmpa1···an−4 ,q
+Hhrs,mFkrsa1···an−3 ,q Fma1···an−3 ,q −
1
(n− 2)Hhrs,kFrsa1···an−2 ,qFa1···an−2 ,q
−2Hhmr,sFkrsa1···an−3 ,qFma1···an−3 ,q + 2Hhmr,sFkqra1···an−3 ,sFma1···an−3 ,q
+Hkqr,sFpqra1···an−3 ,sFha1···an−3 ,p
]
Φ,hk (75)
The number of indices a1 · · ·an−m in the RR field strengths is such that the total number
of the indices of F (n) must be n. For example, Fkqrsa1···an−4 ,p is Fkqrs,p for n = 4 and is zero
for n < 4. We have shown that the transformation of the above couplings and the couplings
with structure F (n)F (n−2)HR and F (n)F (n)RR to the Einstein frame are fully consistent
with the S-duality and with the corresponding S-matrix elements. The above couplings have
been found in this paper for 1 ≤ n ≤ 5. However, using the fact that for 6 ≤ n ≤ 9, it is
impossible to have couplings in which the RR field strengths have no contraction with each
other, one finds that the consistency of the couplings with the linear T-duality requires the
above couplings to be extended to 1 ≤ n ≤ 9.
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Using the pure spinor formalism, the S-matrix element of two NSNS and two RR states
has been also calculated in [40]. The kinematic factor in this amplitude is given by∑
M,N
uijmnpqm
′n′p′q′a1···aM b1···bN R¯mnm′n′R¯pqp′q′Fa1···aM ,iFb1···bN ,j (76)
where R¯ is the generalized Riemann curvature (1), and the tensor u is given in terms of the
trace of the gamma matrices as
uijmnpqm
′n′p′q′a1···aM b1···bN = −32 cMcN
M !N !
[
2εNg
mpgm
′q′gipgj(n
′
gp
′)kTr(γnγa1···aMγkγ
b1···bN )
−(εM + εN)gm′q′giqgj(n′gp′)kTr(γmnpγa1···aMγkγb1···bN )
+
1
2
εNg
i[q|gjp
′
Tr(γ|mnp]γa1···aMγm
′n′p′γb1···bN )
]
(77)
where c2p = (−1)p+1/16
√
2 and εN = (−1) 12N(N−1). Writing the above kinematic factor
in terms of the independent variables, we have checked that it is exactly identical to the
kinematic factor (20) for the cases that N = M and N = M − 4 . However, for the case
that N = M − 2 the above result is different from (20). In fact the factor (εM + εN) in the
second line above is zero for N = M − 2 whereas the corresponding kinematic term in (20)
which is K2 + K3 is non-zero. We think there must be a typo in the above amplitude, i.e.,
the factor (εM + εN) should be (i
N−MεM + εN). With this modification, we find agreement
with the kinematic factor (20) even for N =M − 2.
The S-duality invariant couplings in the sections 4.1.1 and 4.3.1 predict various couplings
for four RR fields. These couplings may be confirmed by the details study of the S-matrix
element of four RR vertex operators. This S-matrix element has been calculated in [40] in the
pure spinor formalism. This amplitude can also be calculated in the RNS formalism using the
KLT prescription (13) and using the S-matrix element of four massless open string spinors
which has been calculated in [48]. In both formalisms the amplitude involves various traces
of the gamma matrices which have to be performed explicitly, and then one can compare the
eight-derivative couplings with the four RR couplings predicted by the S-duality. We leave
the details of this calculation to the further works.
The consistency of the NSNS couplings with the on-shell linear T-duality and S-duality
has been used in [36] and in the present paper to find various four-field couplings involving
the RR fields. Since the four-point function (26) has only contact terms, the Ward identities
corresponding to the T-duality and the S-duality of the scattering amplitude appear as the
on-shell linear dualities is the four-field couplings. On the other hand, one may require
the higher derivative couplings to be consistent with the nonlinear T-duality and S-duality
without using the on-shell relations. This may be used to find the eight-derivative couplings
involving more than four fields. A step in this direction has been taken in [54] to find the
gravity and the dilaton couplings which are consistent with the off-shell S-duality. It would
be interesting to extended the four-field on-shell couplings found in [36] and in the present
paper to the couplings which are invariant under the off-shell T-duality and S-duality.
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A Evaluation of traces for n = m and n = m + 2
In this appendix, we calculate the traces (22) for the cases that n = m and n = m+ 2.
For the case that n = m, one can easily observes that T2 = T3. We use the following
algorithm for performing the trace T1: There are three possibilities for contracting the first
gamma γσ with the other gammas. It contracts with one of the gammas in γµ1···µn , with
γτ , and with one of the gammas in γν1···νn . The symmetry factor and the sign of each
contraction can easily be evaluated using the gamma algebra {γµ, γν} = −2ηµν . After
performing these contractions, there is only one contraction for the leftover gammas. The
leftover gammas for the first contraction is Tr(γµ2···µnγτγν1···νn). This trace can easily be
evaluated because γµ2···µnγτ must be contracted with γν1···νn. The reason is that the latter
gammas are totally antisymmetric which can not contract among themselves. The leftover
gammas for the second contraction is Tr(γµ1···µnγν1···νn) which has again one contraction. The
leftover gammas for the third contraction is Tr(γµ1···µnγτγν2···νn). There is only one possibility
for the gammas γτγν2···νn to contract with the first bunch of gammas γµ1···µn . Taking the
symmetry factors and the appropriate signs, one finds the result for T1.
For the other traces, one should note that after performing the first contractions, the
leftover gammas have more than one contraction. However, the above algorithm can be used
iteratively to reach to the trace which has only one contraction. After performing all the
above contractions, one lefts with the trace of the identity matrix which is 32. The results
are the following:
T στ1 = 16
(−1)n(n+1)a2n
n!
[
n(F στ12 + F
τσ
12 )− ηστF12
]
T σβρν2 = 16
(−1)n(n+1)a2n
n!
[
3nησβ(F ρν12 − F νρ12 )
+
n!
(n− 2)!
(
− F νρβσ12 − F ρβνσ12 − F ρσνβ12 + F βσνρ12 + F νβρσ12 + F νσρβ12
)]
T αλµβρν4 = 16
(−1)n(n+1)a2n
n!
[
− 6ηαβηλρηµνF12 + 6n
(
ηβληµρF να12 − ηαβηµρF νλ12
+ηαβηλρF νµ12 + η
βληµρF αν12 − ηαβηµρF λν12 + ηαβηλρF µν12
)
+
3n!
(n− 2)!
×
(
− ηβµF νρλα12 + ηβλF νρµα12 − ηαβF νρµλ12 + ηβµF ρλνα12 − ηβλF ρµνα12
−ηβµF ρανλ12 + ηαβF ρµνλ12 + ηβλF ρανµ12 − ηαβF ρλνµ12 − ηβµF λανρ12
+ηβλF µανρ12 − ηαβF µλνρ12 − ηβµF νλρα12 + ηβλF νµρα12 + ηβµF ναρλ12
27
−ηαβF νµρλ12 − ηβλF ναρµ12 + ηαβF νλρµ12
)
+
n!
(n− 3)!
(
F νρµβλα12 − F νρλβµα12
+F νραβµλ12 + F
νρβµλα
12 − F ρµλνβα12 + F ρµανβλ12 − F ρλανβµ12 + F ρβµνλα12
−F ρβλνµα12 + F ρβανµλ12 + F βµλνρα12 + F µλανρβ12 − F βµανρλ12 + F βλανρµ12
+F νµλρβα12 − F νµαρβλ12 + F νλαρβµ12 − F νβµρλα12 + F νβλρµα12 − F νβαρµλ12
)]
(78)
where we have used the following notation in the above equations:
F12 ≡ F1µ1···µnF µ1···µn2
F στ12 ≡ F1µ1···µn−1σF µ1···µn−1τ2
F νρβσ12 ≡ F1µ1···µn−2νρF µ1···µn−2βσ2
F νρµβλα12 ≡ F1µ1···µn−3νρµF µ1···µn−2βλα2 (79)
Replacing the above tensors T1, · · · , T4 into the kinematic factor (20), one finds the amplitude
(10) for two RR n-forms and two NSNS states. We have checked that the amplitude satisfies
the Ward identity corresponding to the NSNS gauge transformations. We have also checked
that the kinematic factor vanishes when one of the NSNS states is symmetric and the other
one is antisymmetric.
For the case that n = m+ 2, one finds T2 = −T3. Using the above algorithm, one finds
the following results for the tensors T1, T2, T4:
T στ1 = 16
(−1)n2a2n
(n− 2)! F
τσ
12
T σβρν2 = 16
(−1)n2a2n
(n− 2)!
[
3ηβσF νρ12 + (n− 2)(F νβσρ12 − F νρσβ12 − F νρβσ12 − F ρβσν12 )
]
T αλµβρν4 = 16
(−1)n2a2n
(n− 2)!
[
6(ηλβηρµF να12 − ηβαηρµF νλ12 + ηβαηρλF νµ12 ) + 3(n− 2)
×
(
− ηµβF νλαρ12 + ηλβF νµαρ12 − ηβαF νµλρ12 − ηµβF νραλ12 + ηλβF νραµ12
+ηµβF νρλα12 − ηβαF νρλµ12 − ηλβF νρµα12 + ηβαF νρµλ12 + ηµβF ρλαν12
+ηµβF νρλα12 − ηβαF νρλµ12 − ηλβF νρµα12 + ηβαF νρµλ12 + ηµβF ρλαν12
−ηλβF ρµαν12 + ηβαF ρµλν12
)
+
(n− 2)!
(n− 4)!
(
F βµλανρ12 + F
νβλαρµ
12 − F νβµαρλ12
+F νβµλρα12 + F
νµλαρβ
12 + F
νρβαµλ
12 − F νρβλµα12 + Fνρβµλα − Fνρλαβµ
+Fνρµαβλ − F νρµλβα12 − F ρβλανµ12 + F ρβµανλ12 − F ρβµλνα12 − F ρµλανβ12
)]
(80)
where we have used among other things the fact that an−2 = an. In above tensors, we have
used the following notation for F12s which are different from the ones in (79):
F στ12 ≡ F1µ1···µn−2στF µ1···µn−22
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F νρβσ12 ≡ F1µ1···µn−3νρβF µ1···µn−3σ2
F νρµβλα12 ≡ F1µ1···µn−4νρµβF µ1···µn−4λα2 (81)
Note that F1 is n-form and F2 is (n − 2)-form. Replacing the above tensors T1, · · · , T4
into the kinematic factor (20), one finds the amplitude (10) for one RR n-form, one RR
(n− 2)-form and two NSNS states. We have checked that the amplitude satisfies the Ward
identity corresponding to the NSNS gauge transformations. We have also checked that the
kinematic factor vanishes when one of the NSNS states is symmetric and the other one is
antisymmetric.
B Massless poles
In this appendix we calculate the S-matrix element of two RR and two gravitons in the type
II supegravities and compare the result with the leading order terms of the string theory
S-matrix element (10) which is given by the following amplitude:
Alow = i2
5κ2e−2φ0
stu
K (82)
where the explicit form of the kinematic factor K for various external states has been given
in sections 3 and 4.
The S-matrix element in field theory is independent of the field redefinitions which present
different forms of the same theory. We use the democratic formulation of the supergravity
which has been found in [49]. The RR part of this action is reproduced in the double field
theory [53], so this part of the action is manifestly invariant under the T-duality. In the
Einstein frame, the action is given as
S =
1
2κ2
∫
d10x
√−g
(
R− 1
2
∂µΦ∂
µΦ− 1
2
e−Φ|H|2 − 1
4
9∑
n=1
e
1
2
(5−n)Φ|Fˆn|2
)
(83)
The nonlinear RR field strengths satisfy the following duality relation:
Fˆn = (−1) 12 (10−p)(9−p) ∗ Fˆ10−n (84)
and are related to the RR potentials as
9∑
n=1
Fˆn = e
−B
9∑
n=1
dCn−1 (85)
where the product is the wedge product. The linear field strengths, e.g.,H = dB, are defined
such that
Hµνξ = ∂µBνξ ± cyclic permutations
29
If A is a p-form, i.e., A = 1
p!
Aµ1···µpdx
µ1 ∧ dxµp , and B is a q-form then
(A ∧ B)µ1···µpν1···νq =
(p+ q)!
p!q!
A[µ1···µpBν1···νq] (86)
where the the bracket notation means antisymmetrization in the usual way, e.g., A[µBν] =
1
2
(AµBν − AνBµ). The square of the RR field strength in (83) is |Fˆn|2 = 1n! Fˆµ1···µnFˆ µ1···µn .
Given the supergravity (83), one can calculate different propagators, vertices, and subse-
quently the scattering amplitudes for massless NSNS and RR states. To have the normaliza-
tions of fields in (83) to be consistent with the normalization of the string theory amplitude
(10), we use the following perturbations around the flat background, i.e.,
gµν = ηµν + 2κhµν ; B
(2) = 2κb(2) ; Φ = φ0 +
√
2κφ ; C(n) = 2
√
2κc(n) (87)
Note that the coefficient of the RR kinetic term in the conventional form of the supergravity
is twice the RR kinetic term of the action (83). On the other hand we have normalized the
string theory amplitude (10) to be consistent with the normalization of fields in [36]. The
normalization of fields in [36] are consistent with the conventional form of the supergravity.
Therefore, we have added an extra factor of
√
2 in the normalization of the RR potentials
in compare with the normalization of the RR fields in [36].
The scattering amplitude of two NSNS and two RR fields in the supergravity is given by
the following Feynman amplitude:
A = As + Au + At + Ac (88)
where the massless poles and contact term depends on the polarization of the external states.
When the two NSNS states are dilaton, the massless poles in s- and u-channels, and the
contact terms are given as
As = [V˜F (n)1 F
(n)
2 h
]µν [G˜h]µν,λρ [V˜hφ3φ4 ]
λρ
Au = [V˜F (n)1 φ3C(n−1)
]µ1···µn−1 [G˜C(n−1) ]µ1···µn−1
ν1···νn−1 [V˜
C(n−1)φ4F
(n)
2
]ν1···νn−1
Ac = V˜F (n)1 F
(n)
2 φ3φ4
(89)
The massless pole in the t-channel is the same as Au in which the particle labels of the
external dilatons are interchanged, i.e., At = Au(3 ↔ 4). Using the supergavity (83), one
finds the propagators and the vertices in the above amplitudes to be
[G˜h]µν,λρ = − i
2k2
(
ηµληνρ + ηµρηνλ − 1
4
ηµνηλρ
)
[G˜C(n) ]µ1···µn
ν1···νn = −in!
k2
η[µ1
ν1ηµ2
ν2 · · · ηµn]νn
[V˜φ3φ4h]
λρ = −2iκ
(
k
(λ
3 k
ρ)
4 −
1
2
k3 ·k4ηλρ
)
30
[V˜
F
(n)
1 F
(n)
2 h
]λρ = iκ
1
n!
(
2nF
(λρ)
12 − ηλρ F12
)
[V˜
F
(n)
1 φ3C
(n−1) ]ν1···νn−1 = iκ
1√
2(n− 1)!(5− n)F1λν1···νn−1k
λ
V˜
F
(n)
1 F
(n)
2 φ3φ4
= −2iκ2 1
n!
(
5− n
2
)2
F12 (90)
where we have used the notation (79). Replacing them in (89), one finds the following results:
As = −4iκ
2
n!s
(
4n(F12)λρk
λ
3k
ρ
4 −
1
2
(5n− 9)F12k3 ·k4
)
Au =
2iκ2n
(n− 1)!u(5− n)
2(F12)λρ(k1 + k3)
λ(k1 + k3)
ρ
At =
2iκ2n
(n− 1)!t(5− n)
2(F12)λρ(k1 + k4)
λ(k1 + k4)
ρ
Ac = −2iκ2 1
n!
(
5− n
2
)2
F12 (91)
Replacing these result into (88), one finds the field theory scattering amplitude of two RR
and two dilatons which should be compared with the corresponding amplitude in (82). When
we use the on-shell relations to write both amplitudes in terms of the independent variables,
we find exact agreement between the two amplitudes for n = 1, 2, 3, 4, 5.
When the two NSNS states are B-fields, the massless poles in s- and u-channels, and the
contact terms are given as
As = [V˜F (n)1 F
(n)
2 h
]µν [G˜h]µν,λρ[V˜hb3b4 ]
λρ + [V˜
F
(n)
1 F
(n)
2 φ
][G˜φ][V˜φb3b4 ]
Au = [V˜F (n)1 b3C(n−3)
]µ1···µn−3 [G˜C(n−3) ]µ1···µn−3
ν1···νn−3 [V˜
C(n−3)b4F
(n)
2
]ν1···νn−3
+[V˜
F
(n)
1 b3C
(n+1)]
µ1···µn+1 [G˜C(n+1) ]µ1···µn+1
ν1···νn+1 [V˜
C(n+1)b4F
(n)
2
]ν1···νn+1
Ac = V˜F (n)1 F
(n)
2 b3b4
(92)
The vertices in the first line of Au are non-zero for n ≥ 3. The graviton and the RR prop-
agators, as well as the vertex [V˜
F
(n)
1 F
(n)
2 h
]µν have been given in (90). The dilaton propagator
and all other vertices can be calculated from (83). They are
G˜φ = − i
k2
(V˜b3b4h)
λρ = −2iκ
[
1
2
(
k3 ·k4 ηλρ − kλ3 kρ4 − kρ3 kλ4
)
Tr(b3 ·b4)
−k3 ·b4 ·b3 ·k4 ηλρ + 2 k(λ3 b4ρ) ·b3 ·k4 + 2 k4(λ b3ρ) ·b4 ·k3
+2k3 ·b4(λ b3ρ) ·k4 − k3 ·k4 (bλ3 ·bρ4 + bλ4 ·bρ3)
]
(93)
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V˜b3b4φ = −i
√
2κ [2k3 ·b4 ·b3 ·k4 − k3 ·k4Tr(b3 ·b4)]
V˜
F
(n)
1 F
(n)
2 φ
= −iκ 1√
2n!
(5− n)F1 ·F2
(V˜
F
(n)
1 b3C
(n−3))ν1···νn−3 = −iκ
1
(n− 3)!F1λρµν1···νn−3b
λρ
3 k
µ
(V˜
F
(n)
1 b3C
(n+1))ν1···νn+1 = −2iκ
1
(n + 1)!
kλb3λ[ν1F1ν2···νn+1]
V˜
F
(n)
1 F
(n)
2 b3b4
= −2iκ
2(n+ 2)(n+ 1)
n!
b3[µ1µ2F1µ3···µn+2]b
µ1µ2
4 F
µ3···µn+2
2 + (3↔ 4)
Replacing them in (92), one finds the massless poles and the contact terms of the scattering
amplitude of two B-fields and two RR fields. We have compared the resulting amplitude
(88) with the corresponding string theory amplitude (82) and find exact agreement for n =
1, 2, 3, 4, 5 when we write both amplitudes in terms of the independent variables. We have
done similar calculations for all other external states and find agreement with the string
theory result.
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